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The problem of manipulation in voting is studiedthe case of multi-valued choice.
Well-known and new schemes of preferences extereiabling one to compare all possible
social choices under an arbitrary number of alt&res are presented. The known indices of
degree and efficiency of manipulation are descrilzedl new indices are introduced. These
preference extension schemes and indices are asetrhputer-aided evaluation of the de-
gree and efficiency of manipulation of the knowrting procedures allowing multi-valued
choices. The results obtained are presented fenting rules.
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1. Introduction

The problem of voting manipulation lies in the f#tat the voter can achieve for her-
self a more advantageous social decision by irdeatideviation from her true preference.
The theoretical studies of the problem of maniparatvere initiated in (Gibbard, 1973; Sat-
terthwaite, 1975) where it was proved that any aeable — namely, non-dictatorial —
procedure is not protected against manipulatiothbyparticipants.

The question of the degree of manipulability of thiéing schemes was for the first
time posed in (Aleskerov, Kurbanov, 1999; Kelly 9389 However, evaluation of the degree
of manipulability in practice is a computationattgmplex problem, and some assumptions
are made to simplify it. Consideration of the maagion problem under single-valued
choice by introducing a condition for eliminatiof incomparability is the most important
one. This condition lies in that a single altermaiis selected by a predefined rule from the set
of winning alternatives. For example, alphabetim@lation of incomparability is discussed
in (Aleskerov, Kurbanov, 1999). This method is mpgpular, but gives rise to many prob-
lems such as disparity of the participants (the@rgopreferring the first alphabetic alternatives
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are in more advantageous position), which can anbatly distort evaluation of the level of
manipulability. The method of (Pritchard, WilsorQ(%) which may be regarded as a softer
condition for elimination of incomparability impkethat in final multiple choices all alterna-
tives are equiprobable and the winning alternas\selected randomly.

The purpose of the present paper lies in studyiagipulability of the aggregation
procedures under multiple choices, analyzing thistiegy schemes of preference extension,
and developing new schemes which enable one to @@gvery possible social choice for
any number of alternatives, adapting the existing ereating new indices for estimation of
manipulability. This study allows one to carry @aeimputer-aided evaluation of the degree of
manipulability and manipulation efficiency of thggregation procedures in the case of mul-
tiple choices.

Section 2 introduces the main notations and defmasipulation for the case of mul-
tiple choices. Methods of preference extensiondaseribed in Section 3, and Section 4 de-
scribes the manipulability indices. Section 5 dedithe rules of voting. The scheme of calcu-

lations is presented in Section 6, and SectiorsGudises the results obtained.

2. Main notions and definitions

The problem of manipulation is considered usingrtb&ons and formulation given in
(Aleskerov, Kurbanov, 1999). There is a s&tof m alternativegm>2). The set of all

nonempty subsets of is denoted by =2*\{0}. Each participani from the finite set
N :{L...,n}, (n>1), has the preferencB on the set of alternatives from and an extend-
ed preferencé&P on the setA.
The preference? is a linear order, if it satisfies the followingraitions:
o irreflexivity (OxO A, XPX);
o transitivity (Ox,y,zO A xPy and yPz= xPz); and
» connectednesd1x,y(OA x#y either xPy or yPx).
The vectorP consisting of the preferences ofparticipants is called the profile. The

collective choice is generated from the profﬁeand is an element of the get We denote

by L the set of all linear orders oA. Therefore, the collective choice function is the

mapF : L" - A.




Now we define manipulation for the case of multiph®ices. Let

—

P={R,...,P,...,P}
be the profile of the true preferences of the pgrdints, whereas

P, ={P...PL.F Po...P}

’’n

be the profile where all participants but the¢h one declare their true preferences. For these
profiles [2 andP—_i, the generated choices are denoted, respectihyI}C(IS) andC(E_;).

Manipulation will be said to take place if thereistx a participani and her preferenc@

such thatC(P—_i) EF?C(I_:;) holds, whereER is the extended preference of theh participant
defined completely b . Stated differently, we assume that from the pofntiew of thei -th

participant the collective choice under the digtdrpreferences is more preferable than the
one obtained from the true preferences.

In what follows, we use by way of example the “skaml preferences” by which we
mean the preferences where the alternatives aeraatdalphabetically or according to their

numeration, that is, the preferendedike x,P.x,Px;P,...Px, or aPbPcP ...Pz.

3. Methods of preference extension

Some properties describing preferences on thef sdteonatives can be found in (Bar-
bera, 1977; Gardenfors, 1976; Kannai, Peleg, 1884y, 1977). Yet they allow one to com-
pare only certain types of sets. We describe balewveral existing and new methods of pref-
erence extension which can be classified with ttoeigs of lexicographic, probabilistic, and
rank-averaging methods. The latter metpedse does not allow one to compare every possi-
ble set of alternatives and, therefore, needs iaddit constraints. Eight types of such con-

straints are proposed which provide various exténieferences in the form of linear order.

Lexicographic Methods
Leximin

This method of extension was proposed in (Pattafaleg, 1984) but we use it in the
form given in (Sanver, Ozyurt, forthcoming). Thethwa relies on comparing the alternatives
in two collective choices that are worst in ternishe original preference. If the worst alter-
natives coincide, it is required to compare thet nexhe worst alternatives, and so on. If fur-

ther comparison is impossible, that is, one ofdbkective choices is a subset of the other,



then the more wide set is preferred to the smalter

In formal terms, this method is as follows. Theitaix principle EP is used to con-
struct extended preferences for @ll N and preference® [IL on the basis of the following

algorithm.
Two collective choicesX,Y DA are compared.

1. Let|X|=]Y]=k, wherekO{1...,m-1. We order the elements of collective choice
in the descending order of preferemgethat is, X ={x,...,x } andvy ={yl,...,yk},
where x,PX;,;, u y;Ry;,, 0] D{l...,k—]}. The relation X ER Y takes place iff
xRy, for the greatesh D{],...,k}, such thatx, # y, .

2. Let |X|#]Y|. We order the elements of the collective choicthinascending order
of the preferenceR, that is, X :{>(1,...,>3X‘} u Y:{yl,...,yM}, where Xx;,,PX;
Oj D{l...,|X| —]} andy, Py, Oj D{l...,|Y| —]}. Now, two cases are possible:
a. %=y, OhO{L...,min{x],)v[}, that is, one set is a subset of the other.
Then, as was already noticed, the more wide setoie preferable. Stated
differently, X ER Y iff |X|>|Y|
b. Cho{L...,min{X|,V]}} for which x,#y,. In this case,X ER Y iff

x, Py, for the smallesh D{l...,minﬂX|,|Y|}} for which x, # y, .
For example, for the case of three alternativesstaddard preferences, the extended

preferences constructed using the leximin prindipdd as:
{a} ER{a,b} ER{b} ER{a,c} ER{a,b,c} ER{b,c} ER{c}.

Leximax
This method is similar to leximin, but the bestneéats are compared of two collec-

tive choices. If they are equal, then the nexhtoltest elements are compared, and so on. If
further comparison is impossible, then one of #is & a subset of the other set, and the nar-

rower set is preferred to the larger one.
We also propose a formal description of this methodording to (Sanver, Ozyurt,

forthcoming). For allil N and preferencd3L, the extended preferences are constructed

according to the principle of lexima&P as follows.

Two collective choicesX,Y A are compared.



1. Let |X|=]Y|=k, wherekO{1...,m-1}. We order the elements of the collective
choice in the descending order of the prefereRcethat is, X ={x,...,x} and
Y ={y,....vi}, where 0jO{1....k- xPx, and yRy,. The relation
X EP Y takes place iffx Py, for the leasth0{1...,k} such thatx, #y, .

2. Let |X|#|Y|. Similarly, we order the elements of the colleetihoice in the de-
scending order of the preferenég that is, X :{xl,...gﬁx‘} andyY :{yl,...,yM},
where 0j D{l...,|X|—J} x,Px;,, and Oj D{L...,|Y|—:I} Y;PY,... Now, two cases
are possible:

a. %=y, OhO{L...,min{X||[]}, that is, one set is a subset of the other.
Stated differently,X ER Y iff |X| <|Y|;
b. ChofL...,min{X|,)Y]}} for which x, #y,. In this case,X ER Y iff

x,Py, for the smallesh D{l...,minﬂX|,|Y|}} for whichx, # v, .

For example, for the case of three alternativesstaddard preferences, the leximax-
based extended preferences are as follows:
{a} ER{a,b}ER{a,b,c} ER{a c} ER{b} ER{b,c} ER{c}.

Both methods of extension enable us to comparey@essible set.

Probabilistic Methods
These methods of alternative ordering differ frdva keximin and leximax methods in

that the voter is oriented not to the presencenddlternative in the collective choice, but ra-
ther to the probability that finally this alternagiwins, that is, is selected as the result ofgisin
some method of eliminating multiplicity of choioeg. like tossing. Two methods are used:
ordering by descending probability of the bestraliive and ascending probability of the

worst alternative.

Ordering by Descending Probability of the Best Altenative
The method is based on element-wise comparisowahiultiple choices. If different

alternatives occupy the first places in the ordesetd corresponding to these choices, then the
set with the best alternative is preferred. If titzd alternatives occupy the first places, then
that set is preferred where the probability offihal choice of the given alternative is higher.

In the case of equal alternatives, relations oéodtements are considered.



We discuss this method by an example. In the[as,@; c} the probability that the final
choice includes the alternative is 1 (the probabilities of victory of each alternatifrem
one multiple choice are equal), and in the{sed:} the probability is3 . Therefore, these two
sets are related bla,c} ER{a,b,c} if the extended preferences are constructed usmgrin-
ciple of descending probability of the best altér®a In the general form, for the case of
three alternatives and standard preferences, teaded preferences are as follows:

{a} ER{a, b} ER{a,c}ER{a,b,c} ER{b} ER{b, ¢} ER{c}

We present a formal description of this method. &bi 0N and preferencd3lL,
the extended preferenc&® are constructed as follows.

We order the elements of the collective choicehia tlescending order of prefer-
enced, that is, X :{Xw--’)ﬂx\} anoY:{yl,...,y‘Y‘}, where 0j D{l...,|x|—]} X,Px;,, and
Oj D{l...,|Y| —]} y;Py,., and perform the following comparisons:

1) If xRPy,,thenX ER Y.
2) If x, =y, and|X|<|Y|, then X ER Y.
3) If x =y, and|X|=|Y|=k, wherek0{2,...,m-1}, then X EP Y is valid iff x,Py,

for the leasth0{2,...,k} such thatx, # y,

This definition is represented as an algorithntalh be seen from the formulation it-

self that all sets are comparable.

Ordering by Ascending Probability of the Worst Alternative
This method of extension is similar to the last tmeiithin the order of comparison of

the elements. Attention is focused here on theepies of the best result, rather than on the
absence of the worst result. Correspondingly, ttodability of choosing the worst alterna-
tives is minimized. We describe the method in fdrteems and present an example.

For alli O N and preferencd3UL , the extended preferenc&® are constructed as

follows.

The elements of collective choice are ordered endisscending order of preferefte
that is, X :{Xm---ﬂﬂx\} 1Y ={y,..., M}' where 0jO{L...|X|-} xPx,, and
Oj D{l...,|Y| —]} y;PY,.., and the following comparison is carried out:

1) If XRYy.thenX ER Y.



2) If %, =y, and|X|>|Y|,then X ER Y.
3) If x, =y, and [X|=[Y|=k, where kO{2...,m-1, then X ER Y is valid iff

x,Py, for the largesh D{Z,...,k} such thatx, # y,
The extended preferences constructed by this mdtratiree alternatives and stand-
ard preferences are as follows:
{a} ER{a,b}ER{b} ER{a,b,c} ER{a,c} ER{b,c}ER{c]
In this case, one can assert that the extendedrprefes constructed by the probabilis-

tic methods will be the linear orders.

Method of Averaging Ranks with Additional Constraints
There is another well-known approach to extendnggdarticipant preferences by as-

signing utility to each alternative and maximizithg expected utility which was proposed by
von Neumann and Morgenstern. We define this mefboctollective choice according to
(Pattanaik, 1978).

Method of assigning utilities

For anyi N there exists a functiod ' (J defined over the set of alternatives and assuming
real values such thaiP, P’ OL"

C(P)ERC(P) = e PU'(X)> Ty U (¥),
wherd]xDC(l?’), p, is the probability that eventually will be selected fronC(I3) and

DyDC(I?) , and p, is the probability that eventually will be selected frorrC(a) .

For practical use, this method, obviously, musicbmpleted, that is, it is desired to

describe the mechanism of assigning utility andatitoeess of assigning probabilities.

We introduce additional conditions.

1. Utility is assigned to each alternative accordiagt$ place in the preferences of
the participant. By this we carry out ranking: tim@st preferable alternative is
ranked asn, wheremis the total number of alternatives, the newt;1 and so on.
The least preferable alternative is assigned rank 1

2. In the collective choice all alternatives are egoigable. Therefore, the utility of a
set of alternatives is equal to the mean utilitlbfalternatives included in the col-

lective choice.



It is worth noting that this method does not allmrxcompare all collective choices for

m> 2. Under standard preferences, for example, foethternatives there exist sfish, c},
{a,¢}, and{b} that have identical probabilities. It is necessargonsider additional condi-

tions for elimination of incomparability, that iadditional algorithms that would be imposed

on the sets remaining incomparable after rankingrbgrdinal method.

Leximin and Leximax Additions

This method of elimination of incomparability redien using lexicographic composi-
tion on the set having identical utilities. For ttase of three alternatives, in particular, the
resulting extended preferences will corresponchtopreferences provided by the leximin or
leximax rules depending on the method used. Oretasgts, however, these two types of ex-
tended preferences will not coincide. For examiglethe case of four alternatives and stand-
ard preferences, the extended leximax-based prefeseare as follows:

{a}EP{a,b}EP{a,b,c} EP{a,b,c,d} EP{a,b,d} EP{a,c} EP{a,c,d} EP{a,d} EP

ER{b} ER{b.c}ER{b.c.d} ER{b.d} ER{c} ER{c.d} ER{d}.
The extended preferences constructed by rank-awneragth the leximax addition are as fol-
lows (underlined are the sets with identical meskrto which lexicographic addition is ap-
plied):
{a}EP{a,b} EP{a,b,c} EP{a,c} ER{b}EP{a,b,d} EP{a,b,c,d} EP{a,d} ER{b,c}EP

EP{a,c,d} EP,{b,c,d} EP{b,d} ER{c}ER{c,d} EP{d}.

It is obvious that the resulting preferences doamihcide. Similar results are obtained

when using the leximin method.

Probabilistic Additions

This method uses the probabilistic additions togéis that cannot be compared by the meth-
od of averaging ranks. For four alternatives arahaard preferences, for example, the ex-
tended preferences constructed by averaging raitksagditional ranking in ascending prob-
ability of the worst alternative are as follows genlined are the groups of sets with identical
mean utility to which addition is applied):

{a} EP{a,b} ER{b}EP{a,b,c} ER{a,c}EP{a,b,d} ER{b,c} EP{a,b,c,d} EP{a,d}ERP

EP{a,c,d} EP {c} EP{b,c,d} EP{b,d}EP{c,d} EP{d}




Risk-lover and Risk-averse: Additions

This method relies on the attitude of the partictp@ risk when it is known that the
same expected utility defines more than one outcddoastruction of the extended prefer-
ences is based on comparing the gains variancesriSk-lover voter will prefer the most
risky set, the risk-averse one, the least risky Bleérefore, calculation of the variances and
their ascending or descending ranking enables oreiminate incomparability of the sets
with identical mean ranks.

For three, four, five, and six alternatives, thek+iover addition is similar to ranking
by the descending probability of the best altexsatand risk-averse addition is similar to
ranking by ascending probability of the worst altgive. Such coincidence is not observed
already for seven alternatives.

Let us consider an example. For four alternativesstandard preferences, the method
of averaging ranks with the risk-averse additiodeos every possible set as follows (under-
lined are the sets with identical utility to whiabdition is applied):

{a} EP{a,b} EP{a,c} EP{a,b,c} ER{b}EP{a,b,d} EP{a,d} EP{a,b,c,d} EP{b,c}EP

EP{a,c,d}EP {b,d} ER{b,c,d} EP{c}ER{c,d} EP{d}.

Addition in the Form of Cardinality Ranking

The impact of the cardinality of sets on their prehce is closely related with the no-
tion of the freedom of choice discussed in (Josesgyden, 1982; Pattanaik, Xu, 1990; Sen,
1997). This method lies in ranking the sets whi@vehidentical ranks in the descend-
ing/ascending cardinality order. It is based on pbssible preferences of the participant on
the sets with identical expected gain taking intcoaint the definiteness of the resulting
choice. For example, in the case of two alternatiwvéh the same ranks, the participant may
prefer a one-alternative set to a three-alterna@tdecause in the former case the outcome of
voting is known. An opposite situation is possiatewell: the participant hopes that the out-
come will consist of a more preferable alternatwel prefers a set with biggest cardinality to
the set with smaller cardinality.

Similar to the previous addition type, for thregeatatives coincidence of the results
with other methods is observed. In particular,ghaciple of ordering in ascending cardinali-
ty provides for three alternatives the same reasiithe leximin and the method of averaging

ranks with the leximin-addition. The principle afdering in descending cardinality coincides



with the leximax and the method of averaging ramith the leximax-addition. However,
when the number of alternatives increases somdgmabarise. Apart from non-coincidence
of the extended preferences constructed by thifiadewith other methods, incomparability
of some sets takes place. It is eliminated by usmgof the aforementioned additions.

As an illustration we present extended preferegoastructed by the method of aver-
aging ranks with the first addition as orderingd®scending cardinality and the second addi-
tion being leximax (single underline refers to Hats subjected to the first addition, the dou-
ble underline denotes the sets remaining incompeaiter using the first addition and sub-

jected to the second addition):
{a}ER{a,b} ER{a,b,c} EP{a,c} ER{b]ER{a,b,d} ER{a,b,c,d} ER{a,d} EP{b,c}ER

EP{a,c,d} EP,{b,c,d} ER{b,d} ER{c}ER{c, d} ER{d}.

In this case, the extended preferences coincide thvé rank leximax, but for five and

more alternatives these methods provide differeslts.

4. Manipulability Indices

Two indices are used for the analysis of the degfeeanipulability. The first, the so-
called Kelly index, was suggested in (Kelly, 1988)
d,
(m)"

where d, is the number of all profiles where at least oméer manipulates successfully.
Since m is the number of alternatives) is the number of all possible linear orders, and
since n is the number of the participan{sn)" is the number of all possible preference pro-

files. Therefore, the Kelly index is just a fractiof all manipulable profiles.
In calculations we also use the extended versidheKelly index proposed in (Ales-

kerov, Kurbanov, 1999). Led, be the number of profiles where precis&lyoters can ma-

. . - . . A
nipulate. In this case, it is possible to constthetindexJ, = (m" .

showing the number of

profiles manipulated precisely bl participants. ObviouslyK =J, +J, +...+J, . There-
fore, we use the vector indek=(J,,J,,...,J,)

An index of freedom of manipulation was proposedAteskerov, Kurbanov, 1999).
In this paper we suggest to use, in addition toftedom of manipulation, the indices of in-

sensitivity to preference distortions and posdipitif worsening the result. Obviously, in the

10



profile j for the participant there are altogetham-1 different possibilities of preference

distortion. Let ink; cases a voter by manipulation improves the calleathoice for herself
as compared with the case of sincere preferenneﬁ? icases the result for her remains the
same, and ink; cases the final choice will be worse for the voter Obviously

Ky +/(i? +k; =mi=1. By dividing eachx; bymk1, we set the corresponding share. By
summing the corresponding shares with respectl tpaalicipants within one profile and di-
viding byn, we determine the mean share of the corresponésgt for the profile. Then,
the shares for all profiles are summed in a similay, and the sum is divided gy)". We
obtain three indices

B yim" YLK
L m)"thm-1)

where «; is equal '[0/(” , ork; for determination of the corresponding index. (g

u ’

ly, 1)+ 10 +17 =1.
Whereas the above indices demonstrate the degre®awipulability, the following

two indices evaluate an efficiency of manipulatiocet setC(E’) occupying thek -th place

in the extended preferences of theh participant be the sincere collective choicee W

assume that after manipulation of theh participant the collective choice becomé(sﬁ' )

occupying thes-th place in the extended preferences of thiéh participant. Obviously,
s< k according to the definition of manipulation. Weroduce the valué&d = k —s which
shows at what number of “places” in the extendexfgoence the choice of theth partici-

pant is improved. Let us su for all insincere preferences where manipulat®profitable

and divide it byx; . The resulting indexZ; shows the mean gain in terms of “places” as the

result of manipulation of the-th participant in the given profile. Averaging thlese indices
over all participants within the framework of on@file and over all profiles provides the in-

dex
(m)"
DI
Co(m)m
The following index!, is a modification ofl,. The value

Zi;nax = ma)((e ’""8’(5)

11



is evaluated instead of the estimatg of the mean gain of manipulation of theth partici-

pant. Stated differentlyZ{™ shows the maximum gain in terms of places that loan

obtained by the -th participant as the result of manipulation. Ba@aging in a similar way

over all participants and all profiles, we estdblise index

n
DY

’ (m)"

The indiced,- |, were introduced in (Aleskerov, Kurbanov, 1999).eTimdices

K,I,,1,,1,,J are calculated for all rules from the next setion

5. Collective Choice Rules

1. Plurality Rule

The choice includes those alternatives that getraotes than other alternatives, that

alC(P) = [OxOA n"(a,P)=n"(x,P)],

wheren”(a,P) =card{i ON |OyOAaPy}
2. Approval Voting

We introduce

n*(a,P,q) = card{i ON |card{D(a)} < q-1},

that is,n" & P g ) is the number of participants for which the alegive a in their prefer-
ences is no lower than tieeth place. Thus, | =1, thena is the best alternative for theth
participant; if g =2 then a is either the first or the second best alternatared so on. The
numberq is called the level of the procedure.

The approval voting of the leve] is defined as

alJC(P) - [OxOAN (a,P,g) =n"(x,P,q)],

that is, selected are the alternatives that arengrtize g best alternatives for the maximum

number of the participants.

The approval voting is, obviously, a generalizatdmplurality rule (the casgq 31

3. Borda Rule

12



To each alternativexJ A the numberr. X P )is assigned equal to the cardinality of
the set of alternatives that are worse than in the preference 0P, that is,
r(x,P)=|L(x) = {b0A: xPb} . The sum of these values foflN is called the Borda rank
for the alternative:

r@pP)=Yr(nR)
i=1

The choice includes the maximum-rank alternatives

allC(P) = [ObOA, r(a,P)=r(b,P)].
4. Black Procedure

The Condorcet winner, if any, is the collective icko Otherwise, the Borda rule is

used.

5. Threshold Rule (Aleskerov, Yakuba, 2007; Chistyakov, Kalyagin, 2008

Let v,(X) be the number of participants for whiohis the worst alternative in their
preferencesy,(x) be the number of participants for whishis the second worst alternative,
and so on, and@,, x( be the number of participants for whighis the best alternative. Then
the alternatives are ordered lexicographically. @hernativex is said toV - dominate the
alternativey if v,(x) <v,(y) or there existk <m such thatv,(x)=v, ¥ )i=1,...k-1, and
v, (X) < v, (y) . Stated differently, first of all the numbers ammpared of the last places in the

orderings for each alternative; if they are eqtre@n the numbers of the next to the last places
are compared, and so on. The alternatives undoednal/ represent the choice.
Example. Let us consider the case of five partiwipand four alternatives. The pref-

erences are the following linear orders:

Pl P2 P3 P4 PS
a b d a b
c ¢ b c¢c d
d a a d c

b d ¢ b a

We use this example to demonstrate how the selesttdod of extension can influ-
ence the result of evaluation of manipulabilitytlodé voting schemes.

13



For the rules under consideration, the resultshoice for this preference profile are
{a,b} for the plurality rule,{b,c} for the approval rule (for g=2)a,b} for the Borda rule,
{a,b} for the Black procedure, ar{d} for the threshold rule.

Let the choice be based on the Borda rule. Thenrdhult of voting is represented by
{a, b}. We consider the fifth participant in whose preferes the aforementioned alternatives
occupy, respectively, the fourth and fifth placé#e notice that here the preferences of the

fifth participant are not standard, but have thenfloP,dP,cP,a. Participant 5 can distort the

preferences, for example, by interchanging thersteresd andc. In this case, the collec-

tive choice goes over to the §&ib,c}, and manipulation depends on how the det,c}
and{a,b} are preferred. If in each set the alternativesoalered according to the preferences
of the fifth participant, then they go over{tlt», C, a} and{b, a}, respectively. Their relation dif-

fers in different preferences. For example, indase of leximax-based preferences arranged

in the ascending probability of the worst case therfifth participangb,c,a} EP,{b,a}, which

implies that it is advantageous to participant Bligiort the preferences in this way. For the
rest of methods, such distortion is unprofitable.

6. Calculation
The indices were calculated for m = 3, 4, 5 altevesa. For a small number of the

participants, all possible preference profiles weramined for manipulability. For larger
number of participant, the statistical approach used.

In both schemes of calculations, m!-1 various ‘fiesre” orderings were generated for
each participant within the framework of the coesaétl profile, and the resulting collective
choices were compared with the “sincere” choicengighe above methods of preference

extension.

7. Results
Using the above algorithms, four different types extended preferences can be

constructed in the case of three alternativs. Rerpreferences on a set of alternatives like
aPbPRc, the following extended preferences were congtalict
1. Leximin3) Leximin, the method of averaging ranks with texeitnin addition in
ascending power.
{a}er{ablEr{blER{a.ciER{a.b.c}ER{b.clER{c)
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2. (Leximax3) Leximax, the method of averaging ranks with #adrhax addition in
descending power.

{a}ER{a.b}ER{a.b,cER{a, c}ER{b}ER b, cER{c)

3. PWorst3) In increasing probability of the worst, the metlad averaging ranks
with the risk-averse addition

{a}ER{a.blER{blER{a.b, c}ER{a, }ERb.c}ER{c}

4. (PBest3 In decreasing probability of the best, the metbbdveraging ranks with

the risk-lover addition
{a}ER{a.blER{a,c}ER{a.b.clER{bIER{b, c}ER{c}

The figure 3 in the notation of the methods of ¢ardion of the extended preferences
denotes that the method is used for m=3. In the o&gour alternatives these algorithms of
preference extension provide 10 different orderingsthe case of five alternatives, 12
orderings. Since the case of three alternativegpably, is the most convenient one in terms
of result presentation, the following calculationdl be carried out mostly for it.

Tables 1 and 2 compile the Kelly indices calculdi@dvoting with three and four
participants, respectively. The results obtainedA®skerov, Kurbanov (1999) who used the
alphabetic rule for elimination of incomparabildélye shown in parentheses near the name of
the rule. We notice that in the majority of casespecially in the case of four participants and
unique choice, the level of manipulability was uredéimated. It is also seen from the Tables
that almost for all rules the Leximin3 and Leximax@&thods give the same values of the

Kelly index as PWorst3 and PBest3, respectively.

Table 1
Kelly Index, m=3, n=3
Leximin3 |Leximax3 | PWorst3| PBestB

Plurality rule

(0,1667) 0,2222 0 0,2222 | O

Approval rule q=2 0,1111 0,6111 0,1111] 10,6111

Borda rule (0,2361) 0,3056 0,4167 0,305 0,4167

Black procedure (0,1111) 0,0556 0,1667 0,0556 (@166
Threshold rule 0,3056 0,4167 0,3056| 0,4167
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Table 2
Kelly Index, m=3, n=4

Leximin3 | Leximax3| PWorst3| PBest3
Plurality rule ] 1
(0,1852) 0,3333 | 0,3333| 0,3333 0,3333

Approval rule q=2 0,2963 0,2963 0,2963 0,2963
Borda rule (0,3102) 0,3611 0,4028 0,3611 0,4028
Black procedure (0,1435) 0,2361 0,2778 0,2778 0,2361
Threshold rule 0,4028 0,4028 0,4028 0,4028

Remark. It deserves special attention the nonmanipulabditythe plurality rule for
three participants and three alternatives in tise cd the Leximax3 and PBest3 methods. This
fact may be explained by the fact that all profilegeh that all agents have different best
alternatives represent a single possible variarthefpreference profile where a participant
may wish to manipulate and be able to modify thsulteof voting by distorting the
preferences. In this case, each participant hag thptions:

1. To report sincere preferences. Then, the{agt,c} will be the result of vot-
ing.
2. To move the second best alternative to the uppet td preferences. In this

case, it will be the collective choice. For the ferences aPbPc, for
example, the choice will bfb} .
3. To place the worst alternative to the higher lefgbreferences. In this case,
the choice is represented by the worst alterna{h}ei,n this example.
It is obvious that the third option never can béropl and the decision is about manipulation
is made by comparing the sdeb,c} and{b}. As can be seen from the methods of prefer-
ence extension, in the Leximin3 and PWorst3 mettioeisetb} is superior to{a,b,c}. Con-

sequently, in this case manipulation takes placeth® contrary, in the Leximax3 and PBest3
methods choice under true preferences is preferabtéthere will be no manipulation. That

is why the corresponding indices in Table 1 are@zer
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Fig. 2. Kelly index for the Leximax3 method

The results of calculations of the Kelly index #Bohigher number of participants and
the Leximin3 and Leximax3 methods are depictedigs.FL and 2, respectively. The value of
Kelly index is plotted on the Y axis, and the lagan of the number of participants, on X.
Calculations were carried out for each number ofigpants from 3 through 25 and then for
29, 30, 39, 40 and so on until 100, which explaires change in behavior of the graphs for

more than 25 participants.

These figures suggest some conclusions.

1. The answer to the question of what rule of ngtis the least manipulable one
depends on the method of preference extensioneXanple, if the number of participants is
a multiple of three, then the approval voting isslananipulable as compared with the
plurality rule for the Leximin3 method. For Lexin&athe situation is opposite.

2. For large number of participants, the threshald is more manipulable than the
Borda rule. The opposite exists almost always femall number of participants. The number
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of participants over which the Borda rule is lesanipulable in terms of the Kelly index
depends on the method of preference extension used.

3. The Black procedure is the least manipulatamieng the considered rules of
voting for any method and almost for any numbepaticipants.

4. The Kelly index for the Black procedure and inex3 method depends on the
parity of the number of participants. At the sainget clearly marked cycles of length are
observed for rules such as the plurality rule, apak voting, and threshold rule. In the case
under consideraiton, the cycle has length threecli€ydependence of the estimate of
manipulability on the number of alternatives is lexped by the frequency of occurrence of
the multiple choice. For example, the é&ib, c} may result from voting by the plurality rule
only if the number of participants is a multipletbé number of alternatives.

These conclusions are cofirmed also in the casaentiee number of alternatives
increases. Fig. 3 shows the results of calculatajribe Kelly index for four alternatives and

the leximax (Leximax4) method. For the ordinaryferences likeaPbPcPd , the extended

Leximax4 preferences are as follows:
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As can be seen from Fig. 3, for the plurality rtiie Kelly index has cycle of length
four. The nonmanipulability of the plurality rule iretained also for the case of three
participants.

Fig. 4 shows the indek; as calculated for three alternatives, three ppeids and the
Leximin3 method. The left part of each row shows tavel of manipulation freedom, the
right one — the index of possible deterioratiord #re middle one, the level of insensitivity to
distortions of preferences. Fig. 5 shows the intleas calculated for three alternatives, 100
participants, and the Leximin3 method. Notably, ¢neater the number of participants, the
less sensitive the rules of preference distortiatsch is in good agreement with the logic of
taking collective decisions.

Figs. 6 and 7 depict the results of calculating ithdices|,and I, for the case of

three alternatives and the Leximin3 method.
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Fig. 6. I, for the Leximin3 method

As can be seen from the figures, efficiency of malation, that is,|l,, decreases with

increasing number of the participants, which is daeonly to the decreasing possibilities to
manipulate, but also to the fact that manipulatisalf becomes less efficient. Interestingly,
comparison of the rules in terms of the degree dnipulability and freedom of
manipulability provides different results. On theedhand, it is possible to see that the Black
procedure leads to the least efficiency of manijputaand is the least manipulatable from the
point of view of the degree of manipulability. Hoves, the Borda rule, which for a great
number of participants was the second after thekBtasocedure in terms of the Kelly index,
in the case of estimation of manipulation effeatees shows that in the mean the
manipulating participants win more with it than kvibther rules. It also deserves to draw
attention to the approval voting which demonstrdted efficiency of manipulation despite a
great fraction of the manipulatable profiles.

Comparison of Figs. 6 and 7 shows that in factetee no differences—namely, the

graphs correspoding to the Black procedure andhifeshold rule move slightly upward, but
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the indices for the rest of rules remain the sa@me may conclude from this that for m=3
most frequently there is only one possibility ofnolging the collective choice in the direction

preferable for the agent by some insincere pret&agn

3 5] 12 24 4z g6
= o= ] Plurality p2Approval q=2 =—le=pG Bordag .7 Black ceokes p2EThreshold

Fig. 7. 1, for the Leximin3 method

Until now, we considered the estimate of the votianlg from the point of view of
manipulability. Yet it is possible to introduce d&ner, equally important criterion for
decisiveness of the rule of voting by which we meahe weight-average number of
alternatives in the final set. Therefore, the measfi decisiveness is representable as

D=>u,,
M=l

whered, is the fraction of the profiles for which the réésaf voting includesy alternatives.

Thus, there are two criteria, the Kelly index ahd tneasure of decisiveneBs. We
can tackle a two-criterion problem of seeking Raedficient voting rules where it is required

to minimize the criteria.
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Fig. 8 shows “motion” of the voting rules for thember of participants varying as n=
3, 4,5, 10, 100. Table 3 answers the questionhattwules are Pareto-efficient for each num-
ber of participants. As can be seen from Fig. 8 Gable 3, the Black procedure is not only

the least manipulable one, but also efficient im&eof both criteria in all cases.
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Fig. 8. Reflection of the “motion” of rules in the space bdegree of manipulability for the
Leximin3 method at the number of voting participants growng according to the
sequence n=3, 4, 5, 10, 100

Table 3
Pareto-efficient rules for the Leximin3 method andn=3, 4, 5, 10, 100
(+ labels such rulesfor each number of participants)
Rule Plurality rule Approval Borda Black Threshold
voting

3 agents - - - + -

4 agents + + - + +

5 agents - - - + +

10 agents - - - + +
100 agents - - + + +
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